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Abstract Based on the Hartree-Fock approximation we proposc & non-linear spin-
wave theory of anisotropic 30 (or quasi-2D) quantum Heisenberg antiferromagnets, which
reduces to the known spin-wave theories of isotropy when our anisotropy parameter
§ takes special values. In the Hartree-Fock approximation the Dyson-transformed
Hamiltonian is equivalent lo the Holstein—Primakoff-transformed Hamiltonian truncated
up to quartic operator terms. The spin-wave lifetime is obtained in the first-order
approximation. For very small §, the Néel temperature T is much smaller than the
coupling constant J, in contrast with Ty ~ J in the 1D isotropic case, so that our
non-linear anisotropic spin-wave theory is suitable for a description of the ordering
phase as well as the paramagnetic phase (up to J) of layer-like antiferromagnets.
Applied to the antiferromagnetism of the cuprate La;CuQy, our quasi-?2D non-linear
spin-wave theory describes quite satisfactorily the existing experimental data of the Néel
transition temperature, the correlation length above the Néel temperature, and staggered
magnetization of the material if J= 1034 K and the anisotropy parameter is set 10 be
4 x 1073,

1. Introduction

Quantum Heisenberg antiferromagnets (QHAFM) have recently attracted much
attention due to their relevance to high-temperature oxide superconductivity.
Undoped materials La,CuO, and RBa,Cu;O,4 (where R is a rare-earth element} are
insulating antiferromagnets (AFM) that can be described by QHAFM models [1,2].
Lightly doped cuprates are antiferromagnetic insulators. Even in heavily doped
superconducting materials there are antiferromagnetic fluctuations that are believed
to play some important roles in the superconductivity of the cuprates [3].
Conventional non-linear spin-wave theory [4,5], an improved version of linear
spin-wave theory [6-8] established on Dyson’s transformations of sublattice spin
operators and the Hartree-Fock approximation, is a good approximation to the
ordering states of isotropic QHAFM. However, it works only when the temperature
T is smaller than the Néel temperature Ty [5]. Chakravarty, Halperin and Nelson
(CHN) [9] have made a renormalization-group analysis of a (2+ 1}-dimensional non-
linear sigma model to approach 2D QHAFM, concluding that the correlation length has
a renormalization classical behaviour exp{ A/T) where A is not equivalent to zero
when T' tends to zero. Auerbach and Arovas (AA) [10] have developed a large-N
theory of the quantum Heisenberg model based on a Schwinger boson representation
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for a rotation-symmetrical disordered state. Hirsch and Tang (HT) [11] have shown
by means of the Bose~Einstein condensation viewpoint that the AA theory holds as
well for the ordering state. Hirsch et al [12] have developed a linear sublattice-
symmetrical spin-wave theory by requiring that the sublattice magnetization be set to
be zero, and then have compared it with exactly-diagonalized results on finite-size
lattices. Takahashi [13] has presented a variational-modified spin-wave theory for the
2D square lattice, in which the spin-correlation length is same as the CHN one-loop
result. It has been established [11, 12] that at low temperature, the AA, Takahashi and
Hirsch theories are equivalent to each other except for a factor 3/2 in the AA theory.
All of the three spin-wave theories mentioned above are based on the following
isotropic quantum Heisenberg Hamiltonian: '

H=J>8;5; (1)
{5

where (ij) is the nearest-neighbouring site pair, as in the following. The
isotropic Hamiltonian is not appropriate for a complete description of anisotropic
antiferromagnets such as the quasi-2D insulating cuprate antiferromagnets, because it
yields Ty = J for the 3D case and Ty = O for the 2D case. In [14] the random phase
approximation (RPA) was used to investigate an anisotropic 3D quantum Heisenberg
antiferromagnetic Hamiltonian such as

H=Y J;S;S§, @)
(i)

where J;; = J if (ij) is in the zy plane and J;; = 6J if (ij) is parallel to
the z axis. The Hamiltonian (2), with an appropriate & in the RPA, describes
quite well the antiferromagnetic ordering of the insulating cuprate La,CuO, and
RBa,Cu,0, materials [14]. As well as its advantage for quasi-2D antiferromagnets,
the anisotropic Hamiltonian can also be used to describe quasi-1D antiferromagnets
by letting 6J = J' and J to be smaller than .J'.

In this paper we shall formulate a non-linear spin-wave theory for quasi-
2D quantum Heisenberg antiferromagnets defined by the Hamiltonian (2), which
in jsotropic cases reduces to the conventional non-linear spin-wave theory when
T < Ty [4,5), and leads to the same result as the variation-modificd spin-wave
theory [13]. Different from the Takahashi variational method and the Hirsch et al
linearization method, our method is a Hartree-Fock approximation for the higher
operator power terms. We prove that in the Hartree~Fock approximation the Dyson-
transformed Hamiltonian [15] is equivalent to the Holstein-Primakoff-transformed
Hamiltonian [16] truncated up to quartic operator terms. The spin-wave lifetime
is obtained in the first-order approximation. For the 2D isotropic case we obtain
Takahashi's results, including the CHN one-loop renormalization-group behaviour of
correlation length and the AA correlation functions except the factor of 3/2. The
ground-state energy in our theory is —0.335NJZ for the 2D square lattice, being
equivalent to the digital result on 32 x 32 sites [17]. With the anisotropy parameter 6
decreasing, our anisotropic theory yields a decreasing Néel temperature Ty; Ty = 0
if § = 0. The Néel temperature Ty is much smaller than J if § is very small. When
Ty < J, our theoty is expected to work well not only for T < Ty but also for
T » Ty. Our theory is very suitable for a description of quasi-2D (or layer-like)
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quantum Heisenberg antiferromagnets such as the interesting insulating cuprates.
Applied to the antiferromagnetism of the cuprate La,CuQ,, our quasi-2D non-linear
spin-wave theory describes quite satisfactorily the existing experimental data of the
Néel transition temperature, the cotrelation length above the Néel temperature, and
staggered magnetization of the material if J = 1034 K and the anisotropy parameter
is set to be 4 x 1075,

In section 2 we propose the general theoretical framework of our quasi-2D non-
linear (Hartree—Fock) spin-wave theory. In section 3 we calculate the interaction
correction beyond the Hartree—-Fock theory. In section 4 we derive 2D and 3D isotropic
theories as two special cases of the anisotropic theory, and compare the 2D theory
with other results. In section 5 we discuss the quasi-2D case and its application to the
insulating cuprate antiferromagnets. Section 6 includes some further discussions and
our conclusion.

2. General Hartree—~Fock theoretical framework

We first divide our lattice into two sublattices, A and B, such that any site of
sublattice A has all its nearest-neighbouring sites in sublattice B, and vice versa.
We shall make Dyson’s transformations for spin operators in sublattices A and B,
respectively.  Afterwards we transform to momentum space, or k space. After
making a Hartree-Fock approximation for the quartic terms of the Dyson boson
operators, our Hamiltonian will be bilinear in the operators so that we can diagonalize
it by means of a Bogoliubov transformation. As a result, we shall obtain a set
of self-consistent equations. These equations will determine all physical properties
at the Hartree-Fock level. In addition, we shall prove that at the Hartree-Fock
approximate level the Dyson-transformed Hamiltonian is equivalent to Holstein—
Primakoff-transformed Hamiltonian.
On this bipartite lattice our quasi-2D QHAFM Hamiitonian (2) is

H= ) J,,5,8,= Y Jn,[53.8) + 45557 + 57,54 3)
{mmn) {mn}

where m labels the site of lattice A and n the site of lattice B. Here, for generality,
J,, . is direction dependent, J., = J and J, = 6J. We shall use the following

D,;snon transformation j15): ’
5§ =s—al a, St = V2sa,, 5. =V2sal (1-al a, /2s) (4)
52 =blb, —s St = V2sb) S; =V2s(1-blb_[25)b, 5)

where the Dyson boson operators a! and b!, are Hermitian conjugate operators of
a,, and b,, respectively, and there are only the following non-zero commutation
relations between these operators:

[aﬁyaznf] = 6m,'m." [bn-’ bL,] = 61’11!"' (6)

Substituting the transformations (4) and (5) into Hamiltonian (3) and making the
following Fourier transformation

. 1 .
= — Y e™¥g bt = —= Y eyt 7
a., \/N E k \/.N— ; k ( )

k
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we obtain our transformed Hamiltonian

H=JZsY [(1+ w)(afay + bloe) + ri(ayby + alol)]
k

1
—JZW Z 51+4,2+3[1"3-4a11‘lzbgb4+%(7'1“-1655-3b4+’"2‘11b;“t—3“-4)]
1,2,3,4 :

®)
where r, = (2/Z){cosk, + cosk, + bcosk,) and Z = 4+ 26 is the effective
coordination number. We have introduced a chemical potential u = JZsy' in the
above Hamiltonian. It should be noted that Hamiltonian (8) is not Hermitian.

Following [4] and [5], we make the Hartree-Fock approximation (HFA) in
Hamiltonian (8). Letting

(ahay) = (blbu) =m  (anby) = (albl) =& ®
we obtain the following effective Hamiltonian in HFA:

Hyp =Y [edala, +blby) + filayb, +alb))] (10)
- ,

where e, and f; are given by

e, =JZs ((1 + ') — ﬁ;zml + "hfh)) (11)
, -~
1
fe=JZs (’"k "N D (reme, + T‘k-k.'fk.))- (12)
k1

The Hamiltonian (10) can be diagonalized by a Bogoliubov transformation [8]. The
diagonal Hamiltonian is given by

Hyg =) wi(ALA, + BLB,) + E, (13)
k
where
wy=Jeh -1 Ey=) (wi—e) (14)
k

The Bogoliubov transformation is defined by
ap = mAy + v Bl bl = u Bl + 4, (15)
where u, and v, are given by

pup —vp=1 w4l = e fw, 2upvy = —fi fwy. (16)
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From the effective Hamiltonian (13) and the Bogoliubov transformation (15) we can
formally obtain %, and £, as functions of e, , f}, and w;:

=1, (1, 1 \e& a7
M = 2+(2+eﬁ“*~1)wk (17
= (ty 1 \& 18

The average sublattice spin is given by
1
3 = t =
(S)-3‘<ﬂk_‘1k)—s' N Ekl,ﬂk- (19)

Because wy, €; and f, all are functions of n; and &, n,, and £, must be determined
consistently by (17) and (18) together with (11), (12) and (24).
Define

1 1 2 1 2
a= m;nk b:mzk:ECOSkrﬁk C—m};_Z'COSk;Ek (2'0)

where e, fi, and w; can be expressed in terms of a, b and c:

e, = JZs(1—a—2b—ébc)(1+ p") (21

fo=JZs(1—a—2b—éc)ry(k) (22)

wy = JZs(1-a = 2b— 6c)/(1 + p)? — v (k) (23)
where

W= i [(1 -~ 2b— bo) @)

ety

Our problem now reduces to solving consistently (20)-(23). As in [12,13], we- shall
set y = 0 in the ordering states. In fact, the chemical potential 1 can be considered
as a variational parameter in the above derivations. Varying the zero-temperature
energy E, with respect to p, we conclude that 4 = 0 makes the zero-temperature
energy reach its minimum. Therefore it is reasonable to set i = 0 for the ordering
states. Keeping u = 0, {53,) will decrease with increasing temperature. There
is a temperature at which (S3)) = O and above which {S2,) becomes negative.
This temperature is called the Néel transition temperature Ty. This Néel transition
temperature Ty is determined by (20) together with i = 0 and (S%) = s(1-a) = 0.
However, from our original postulation, {$2 } must be non-negative, To keep (S3 )
non-negative, we must allow p to be non-zero above the Néel temperature Ty.
Following Hirsch et al [12] and Takahashi [13), we require {S$%} = 0 when T" > Ty,.
This leads 4 to be non-zero above Ty. In summary, Ty with (b,c), as functions
of the two parameters J and §, will be determined by the conditions u = 0 and
a =1(8) = 0). Below Ty {52} = s(1~ a) with (b,c), as functions of
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temperature T and parameters (b, ¢), will be determined by the condition p = 0.
Above Ty, p with (b, c), as functions of T and (b, c), will be determined by a = 1
or {S?)=s(l-a)=0.

On the other hand, we can consider our Hamiltonian (8) to represent a system
of the boson operators e, and b,. At high temperature there is no spin order so
that {al,a,,) = (bl b,) = s for all m and n, or & Yiletar) = 1, (bL,) = .
It demands a chemical potential to keep the total « boson number and the total b
boson number unchanged, respectively, at different temperatures. It is expected that
at a temperature, Ty, our boson system will experience a Bose condensation so that
the chemical potential will be zero. The U(1} symmetry of Hamiltonian (8) makes
> {alay) = & 3, (blb,). The total condensed a boson number s— & 3, (af a;)
and the total condensed b boson number s— 4 Y, (bl b, ) are identical with (53 ) and
-—(Sf;), so that we have an antiferromagnetic order below Ty. In this interpretation,
T is the Bose condensation temperature of our boson system, at which the chemical
potential becomes zero and (53} = (53} =

As we have emphasized, the Dyson- transformed Hamiltonian (8) is not Hermitian.
But the effective Hamiltonian in HFA, (10), is Hermitian. If we make use of the
Holstein-Primakoff transformation [16] instead of the Dyson transformations (4) and
(5) we shall obtain a Hermitian Hamiltonian. Truncated up to quartic terms, it
is equivalent to the Hermitian part of the Dyson-t:ransformed Hamiltonian (8), or
(H+ HY) /2

HY = yZs Y {(1+4 u')(alay + b6, ) + rilaxby + afb])]
k

1
~JIZy Y brpazgalrssalagdib, + dri(a_blb_sb, + b]b 500" )
1,2.3,4

+ %”'2(“{@“13“-4 + alja_ybya)]. (26)

It is obvious that at the Hartree-Fock level AP leads to the same results as
does the Dyson-transformed non-Hermitian Hamiltonian (8). It is our Hartrec—
Fock approximation that cuts off the non-Hermitian part of the Dyson-transformed
Hamiltonian (8).

3. Interaction correction beyond the Hartree-Fock approximation

To go beyond the Hartree-Fock approximation, we shall take into account the
contribution of the Hartree-Fock (non-linear) spin-wave interaction. It is expected
that the interaction will modify the Hartree-Fock spin-wave spectra and lead to
a finite lifetime for the Hartree-Fock spin waves. Because the original Dyson
Hamiltonian (8) is non-Hermitian, we shafl make use of its Hermitian part,
(H + H')/2 or HY® in (26), for our further work. We split the complete Hermitian
Hamiltonian A in (26) into two parts

H=H0+H]

where H, is defined as the Hartree—Fock approximated version of H given by formula
(13), and H, = H — H, describes the interactions of the spin waves. The term H, can
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be expressed in terms of the operators A, and B,. Since H, is diagonal with respect
to the non-linear spin-wave operators A, and B,, H; will be the interaction between
the non-linear spin-waves A, and B;. We can obtain the interaction correction by
means of the Green function method in the cutoff approximation. Detailed calculation
of the Green function will be presented in appendix 1. In the Fourier-transformed
form our result is

AR A (W) = 1/[w — wy — X(w)] ey

where X, (w} is defined by

A AB
X (w) = JZ ( L2 Deasr-k L2 Deaivr-a ) (28)
W) = 55

Nt G\w—w ~wtwy wtw —w—wg

where w has been defined in (14), and the L and D will be defined in appendix 1.
Here we give only the A, Green function. The B, Green function has the same
form. It should be noticed that X, (w) = 0 when T = 0. This implies that there is
no interaction contribution to the spin-wave spectra and lifetime at zero temperature.
At zero temperature the spin waves have infinite lifetime. At finite temperature,
however, we have X, (w +i0%) = X (w) FiX,,(w). The spin-wave interaction
has a contribution to the spin-wave spectra X (w), and gives the spin wave a finite
lifetime 1/X,;(w) at finite temperature. It is very difficult 10 work out analytical
expressions for low-frequency and long-wave limits.

4. Two- and three-dimensional isotropic cases

For general 6 our Hartree-Fock spin-wave theory is a 3D anisotropic theory. However,
if we let & = 1, we shall obtain a 3D isotropic theory. Similarly, if we let § = 0, we
shall obtain a 2D isotropic theory. As its first application we shall discuss its zD and
3D isotropic cases and compare it with other spin-wave theories. For isotropic cases,
it is easy to prove that 37, 7y_y &k, = 7% Ly, 7, s, The terms wy and (S%) can
be simplified to '

wp =JZs(1- O\ /(1 + p") - 1§ (29)

1 B 1 "
() = 5= — tu coth 1 B, (30)

N Jar o
! L (o, (=1 )
C=—3 = S {- } :
Ns & SCRRY INs & ( b (14 p")2 -2 céthzﬁWk 1

3]

For the sC lattice, 7 = 0.45824 [18]. The function ¢{(n) is the Riemann { function
of order n. The term Cpy = [(1/N) ¥ \/1— i ~ 1]/2s = ~0.097/2s; E, and S3
are the average encrgy and sublattice spin of the HAFM ground state:

Ey= —NJZs*(1- Cp)? S5 =5-0.078. (32)
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The average sublattice spin of the ground state is the same as that of linear spin
theory [6]; it is 0.422 for s = i. The ground-state energy is lower than the linear
spin-wave result; it is ~0.301NJZ for s = ], in contrast with ~0.2985NJZ in
linear spin-wave theory ([6]. As T increases, {S>) decrcases. This can be seen in
(30). When T approaches the Néel temperature Ty, {S3) tends to zero. The Néel
temperature Ty, has to be determined consistently with (S%) = 0. The result is
Ty = 1.079J, being larger than the 0.989/ of RPA theory {7, 14] and the 0.951. of
the series expansion method [19).

In two dimensions the summation in (30) with u” = 0 diverges when the
temperature T is non-zero. So there is a Néel ordering state only at 7" = 0 in
two dimensions, in agreement with the Mermin-Wagner theorem [20]. In the case
C, = —0.158/2s, the average energy and sublattice spin of the ground state are
Ey= ~NJZs¥(1-Cy)? and S} = s~0.197. For s = 1, we have E; = —0.335NJZ
and S§ = 0.303. This ground-state energy is equivalent to Carlson’s digital result
—0.335 N J Z on 32 x 32 sites [17]. The sublattice spin value is equivalent to the linear
theory result, but the energy is lower than the —0.329NJ Z of linear theory [6]. In
one dimension, the summation in (30} with " = 0 diverges even at T = 0. So there
is no Néel ordering state in one dimension.

When T > Ty, u' should be non-zero in order to keep (S = 0. This is
different from the situation discussed above. In three dimensions Ty is so large that
for T > Ty large thermal effects make any spin-wave theory give way to a high-
temperature series expansion theory. We will discuss no further the T > Ty case
in three dimensions. In contrast with the 3D isotropic case, we have Ty = 0 in two
dimensions. Spin-wave theories should be good up to some, quite high, temperature.
The terms 7, and £, are given in this case by

1 14 p” 1 1
mo=—5+ tu 2(5+@r_—1) (33)
v (14 p")2 =7y
T 1 i
=~ ’ (*+—-——ﬂw - ) (34)
Ja+ - \2 el

Correlation functions (al,a,,.), (bl b,.), and {a b} can be expressed in terms of
M and &

1 : i_ 1 5 iEln—n'

(alnam,) =% Z nkenk(m m) (blb,.) = 5 E nkelk( n')
gy : g (35)

21 ik(m~n)
(@b = 37 T,

Using a technique similar to the Takahashi method, we shall make use of Dyson’s
transformation and Wick’s theorem in the derivation of spin-correlation functions.
-Detailed calculations are presented in appendix 2. As a result, the spin-correlation
function (S, + §,) has the following large-r asymptotic behaviour:

4
(S, - 8,) = exp(inr) nlezsi(Ti BYGAE % exp(—r/&) (36)
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where the spin-correlation length is given by

§T) = gy = Y2222 ey €0

where p is defined by p = 7 JZssy(1 — C,)/2. It is interesting that this correlation
length is in agreement with the CHN one-loop renormalization group result [9]. In
the same way, we can derive our magnetic susceptibility x(7T):

X(T) = g7 205080 = 37 (S50 5,00 + T 5.,))

_ Sy + 2T
T 3JZ(1-Cy) T 3nJ2Z%s3(1 - Cy)?

Since we have Ty = 0 in the 2D case, the above correlation function, correlation
length and magnetic susceptibility work within a wide temperature range, from zero
to a temperature comparable with the coupling constant J. It should be pointed out
that our main results in the 2D square lattice case have been obtained by Takahashi
in his variational modified spin-wave theory. But our Hartree-Fock theory is very
different from the Takahashi variational theory [13]. Furthermore, our theory can
work not only in the 2D case but also in 3D cases including isotropic and anisotropic
cases.

+ o(T?). (38)

5. Quasi-2D case and its application to the insulating cuprates

It is established experimentally that the cuprates, such as La,__(Sr,Ba), CuO, and
RBa,Cu;0,_,, are quasi-2D materials. The undoped cuprates, such as La,CuO,, are
quasi-2D antiferromagnets. Essentially they are three-dimensional, but their coupling
in the z direction is very weak with respect to their in-plane coupling. As a result
they exhibit 2D behaviour at very high temperatures, but the interplane coupling is
indispensable for them to maintain a finite Néel temperature. Our theory, with a small
&, is very suitable for a theoretical description of these materials. We shall calculate
the Néel temperature, spin-correlation function, correlation length and sublattice spin
for the quasi-2D case, and fit the theoretical results with corresponding experimental
data. Because there are only two parameters, J and é, in our theory, we shall
consider the agreement to be successful. In addition we shall present the sublattice
spin of linear spin-wave theory for contrast with our theory.

In terms of the theoretical framework proposed in section 2, the Néel temperature
Ty is determined by solving the following equations: :

1 1 2 1 2
-Nanzs ﬁ'ZECOSkmEkzbs R{—ZEwskzﬁk:cs (39
k k k
where
1]k=—%+mk & = —ru(k)ry (40)
1 1 1
s = (5 + mm—y) @1
2 ews/Th — 1 /1 _ T’%.(k)

wy = JZs(~2b— §e) /1 - 7L, (k) (42)
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where 6’ = 6c/b. If 6§ = 1, b = c so that the b equation in (39) is identified with
the ¢ equation in (39). We need to solve only two of the three equations in (39)
for Ty and b, If § = O, the anisotropic 3D theory reduces to a 2D theory so that
the summations in the first two equations in (39) diverge for T > 0. It implies
that the equations in (39) have no solution for T > 0 in two dimensions. Detailed
discussions on the 2D case has been included in section 4. For very small 8, we can
solve the equation set (39) analytically. The & summations for very small § in (39)
are dominated by those in the region of small k, and k. It is easy to solve the three
equations in (39). The solutions are given by

s T = 47n.J s®
3n(1/5) N n(1/8)"

L=

(43)

[l

It should be pointed that the above asymptotic 7y solution is not an accurate
expression for 7y because Ty depends very weakly on § when & approaches to
zero, and it is very difficult to calculate the coefficients more precisely. It can be used
only for quality usage. Ty decreases with decreasing §; Ty = 0 if § = 0. This is
the above result that there is an ordering state only for T = 0 in the 2D isotropic
model. When s = 1/2, we have Ty = =J/In(1/6), half the RPA result [14]. For
other 6, a digital calculation is required to obtain accurate Ty. Figure 1 is our
digital Ty result for 0 € 6 € 1. The (A) curve is normally scaled; the (B) curve is
logarithmically scaled to emphasize the T); for very small §. For § = 1 we obtain
Ty = 1.079.J, a little larger than the series expansion result 0.951.7 [19] and the Rra
result 0.989J [14].

0 02 04 06 08 1

T 1 T T
1 i 11
(A} 3
0.8k 0.8
0.6 Jo.s
3 ® 3
P oat o4
o2k o2
o L 1 1 " o
1% 1072 17 1t

é

Figure 1. T/ J as a function of & for s = 1/2. Curve A is normally scaled. Curve Bis
scaled logarithmically to emphasize the region of very small 6. For § =1, Ty /J = 1.079.

~

In general for all temperatures, our consistent equation set is (20), with n, and
&, defined in the following way:

=1+ +u"F, & = —rp (k) Fy (44

and

1 1 1
F, = (-+ ~ ) ' ®
k 2 7 ew/T 1 \/(1+pu)2—r§f(k)
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whete w,, is defined by

wp = JZs(l—a—2b =~ 8e) (14 p"P2 - (k). {46}

The p” and & terms in the abave three equations are defined by (24) and (25).
Foliowing the discussion on the 2D isotropic case, we derive the following correlation
functions:

<Sm * Sm’) = 36mm’ + [(s - (ainam)) + (ﬂfnﬂmf}]z (4’7)
(Sm ' Sn) = "'((3 - (aznam)) - (ambnﬁz (48)
where
{al e} = '}\Ef Z et =) (apa,) = %; Zf&eik'(m"”)- {49}
* k

From expression (47) we obtain ($, -8, ) = s(s+ 1) for all temperatures, the result
we expect.
For T < Ty, we have {a} a,}) = #& 3, n, = as. In section 2 it was shown that

($%) = s(1—a), and a = 1 for T » Ty. Therefore, the correlation functions (47)
and (48) for T > T reduce to

(S Sy =(laba, 1) (85,-5,) = ~({a,b,)% (50)

Since p" s small for Ty € T € J, we abtain &, = —», in the region of small
(kg k. k,) so that the correfation functions of {arge r can be expressed in a unified
way

{§y- 8,) =e¢""(a,)? RS
where
1 ¢ o
@ = = Zakelk ‘ {52)
H

and «, for large r is dominated by C‘fk for small momentum k. For swmall k, we
derive in momentum space

. 2T 1
BT JZs(~2~ bc) kL 4 KE 4 6RZ 4 dutt )

{53)

o that for {arge r in real space

o, o exp{=[21/u"(r, + r,) + 20/ 8]}. 54
As a result, we obtain the spin-correfation function

(§y- 8,y x e exp{~{(r, + r,} /€y + 1, /E1} (53}
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Figure 2. Correlation length as a function of temperature. The circles and squares are
experimental data for NTT#2 (T = 195 K) and NTT#7 (Tn = 245 K). The broken
curve is the CHN result fitting to the both data. Their theoretical Ty is zero because of
the two-dimensionality of their model. The full curve is our best-fitied resuht for NTT#7
with J = 1034 K and § = 0.00004.

where the correlation lengths £, in the zy plane and £, in the » direction are
defined by :

oy = 4" &, =/6/u"/4. (56)

The correlation lengths in (56), as all the above quantities, are in units such that the
lattice constant 4 is equal to 1. In normal units, the correlation lengths are given by

€y = d/4/K" & = VE[u"d[4. (57)
The correlation lengths are functions of T, é and J. )

When T' < Ty, the averaged sublattice spin {S3) = s(1- ). The a with b and
¢ is determined by (20) and (44)-(46) with n” = 0. It requires digital calculation.
Through a, (5% is a function of T, § and J. .

There are two parameters, J and &, in our theory. To apply our non-linear quasi-
2D spin-wave theory to the insulating cuprate antiferromagnets, we fit our theoretical
Ty and correlation length as a function of temperature with the real experimental T
and correlation length, respectively. This determines the two parameters. With fixed
J and &, we compare our theoretical sublattice spin with the experimental one. The
circles and squares in figure 2 are experimental correlation length data of La,CuO,
NTT#2 (Ty = 195 K) by Endoh et a! (2] and NTT#7 (Ty = 245 K) by Yamada
et al [2], respectively. The broken curve is the CHN result fitting to the data by
Yamada et a/ [2) The cHN Ty is zero because of the two-dimensionality of their
model. The full curve is our best-fit theoretical correlation length result for NTT#7
with J = 1034 K and 6 = 0.00004. Our Ty is 245 K. Since we have used the
SC lattice to describe the materials, we have taken a constant d = 3.79 A, as did
Yamada et a! [2]. The Néel temperature Ty is very sensitive to holes doped into
La,CuQ,; NTT#7 has T, = 245 K, but NTT#2 has only Ty = 195 K. There are
many holes in NTT#2 so that the effect of the holes should be considered for fitting
a theory to the experiment. Since our theory is formulated without considering the
hole effect, we do not fit our theory to NTT#2. We present our sublattice spin (5%
as a function of reduced temperature T /Ty in figure 3. The full curves in figure 3
are our theoretical (S% for 6 = 0.00004 and 1. The (S3) for 6§ = 1 is presented
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for comparison. For contrast, we present sublattice spins of linear spin-wave theory
(broken curves). Comparing with RPA and high-temperature series expansion results,
linear spin-wave theory yiclds too large a Néel temperature. Although both theories
agree at very low temperature, there is a large difference between them at relatively
high temperature, as figure 3 shows. At low temperature the {S?) for § = 1 decreases
with T very slowly. But the (S%) for § = 0.00004 decreases with 1" quite quickly.
At T = Ty /2, the (8%) for § = 0.00004 become smaller than 0.2. This is consistent
with the experimental result by Yamada et al [2).

0.5 ——T—T——————

Sublaltice Spin

0.0 Q.2 04 06 0.8 1.0
Temperature 'I‘/’I‘N

Figure 3. Sublattice spins as a function of reduced temperature T/7Ty. The full
curves are the sublattice spins of our Hartree—Fock (non-linear) spin-wave theory. The
result of linear spin-wave theory is presented for comparison. Linear spin-wave theory
overestimates the Néel temperature.

6. Discussions and conclusion

Based on the HT proof [11], the AA Schwinger boson theory is equivalent to
Anderson’s lincar spin-wave theory [6]. The sublattice-symmetrical theory by Hirsch
ef al is also a linear spin-wave theoty because they have used the linear spin-wave
transformation [12]. The variation modified spin-wave theory [13] includes the guartic
operator terms 50 that it is a non-linear spin-wave theory. At very low temperature, all
three theories are equivalent to each other except for the factor 3/2 in the AA theory
in the light of the Bose—Einstein condensation viewpoint. But at higher temperature
some differences appear. The non-linear theory can work at higher temperatures
because it takes into account the quartic operator terms. Our theory is alko a non-
linear spin-wave theory, taking into account the quartic operator terms. Besides, it is
an anisotropic theory based on the anisotropic Hamiltonian (2), in contrast with the
other theories based on the isotropic Hamiltonian (1). In isotropic cases, it s identical
with the conventional non-linear spin-wave theory for T' £ 7y, and leads to the same
result as the modified spin-wave theory for the 2D square lattice. The ground-state
energy in our theory is —0.335N.JZ, being equivalent to the digital result on the
32 x 32 site [17], for the 2D square lattice. For very small 6, Ty < J, so that our
can work satisfactorily at T € Ty as well as at T > Ty (up to J). Therefore, our
anisotropic theory is advantageous over other theories in the description of anisotropic
antiferromagnets such as the insulating cuprate La,CuQO, and RBa,Cu,0O;.
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As for the one-dimensional case, we should say that our theory does not work
as well as other spin-wave theories. This results from the fact that we postulate a
Jong-range antiferromagnetic order in spin-wave theories, but there is no long-range
order in one dimension. In our theory, if we try to make it work, we shall have a
non-zero chemical potential for all temperatures. As a result we shall obtain a gap in
our spin-wave spectra even at zero temperature, and an exponential decay, not power
decay, for our spin-correlation functions at zero temperature. It is a drawback not
only in our theory, but also in all other spin-wave theories.

" In summary, we have formulated a non-linear spin-wave theory that reduces to
conventional non-linear spin-wave theory for T g Ty, and leads to the same result
as the modified spin-wave theory for the 2D square lattice. We have proved that in
the Hartree~Fock approximation the Dyson-transformed Hamiltonian is equivalent
to the Holstein-Primakoff-transformed Hamiltonian truncated up to quartic terms.
The spin-wave lifetime has been obtained in the first-order approximation. For the
2D square lattice we have obtained Takahashi’s results, including the CHN one-loop
renormalization-group behaviour of the correlation length and the AA spin-correlation
functions except the factor of 3/2. Our theory is suitable for a description of quasi-
two-dimensional quantum Heisenberg antiferromagnets such as the cuprate La,CuO,.
Since for very small &, Ty <« J, so that our theory can work satisfactorily at T < Ty
as well as T > Ty (up to J). Applied to the antiferromagnetism of the cuprate
La,CuQ,, our quasi-2D non-linear spin-wave theory describes quite satisfactorily the
existing experimental data of the Néel transition temperature, correlation length above
the Nécl temperature, and staggered magnetization of the material if J = 1034 K
and the anisotropy parameter is set to be 4 x 10-3, '

Acknowledgments

- This work is supported in part by the National Natural Science Foundation of China,
the Chinese National Center for R & D on Superconductivity, grant LWTZ-1298 of
the Chinese Academy of Sciences, and the Magnetism Laboratory of the Chinese
Academy of Sciences.

Appendix L. Green function of the interacting HF spin-waves

H, is diagonal in the operators A, and B,. Expressed in terms of the operators A,
and B, the interaction part H, is

| Jz
Hl = -N Z(ALAJ:I + BI:[ Bkl)Rknkz - _Xf_ Z [61+2v3+4D1v2?394

1.2 1,2,3,4
x (AVAlA; Ay + Bl BIB3By) + 6143244 D085 441 B B; Al (AL1)

where

Ri,= nz[(!—‘% + Vf)(#% + i+ 2pyvym) + 2#1“]’"1(#% + 13) + 2057
(AL2)

Dy 23,0 = ry_aty g+ §re(vipgrapg+ Hitiahiate) + iy — 44 v paps i)
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(AL3)
DB, = 3
L23,4 = Tams({Bitbapatty + vniny) + 3yt v + 1yl )
1
+ 51“3_4(#2;141.’1 v+ “1"3”2”4) + %7'4(}111’2”31/4 + V1#2ﬂ3ﬂ4)
1
+ 3mi{Bpatavs + ivavang) + Sy gy + mpatass)
+ 3rs(viagvayy + wptaing)- (Al.4)

We shall use the equation-of-motion method of the Green function to calculate the
-lifetime of the spin waves. A detailed description of the method can be found in
{7] and [14]. We define retarded and advanced Green functions of the operator A,
by ((A,,(t),AL(t')))R.A = ([Ak(t),AL(t’)])R‘A. The retarded and advanced Green
functions of the operator A4, satisfy the same equation of motion:

(iad; - “"k) ({AR(8), AL(EW) = 8(1 - ') + {{[Ax, HJ)(2), AL(£))). (ALS5)

The second term in the right-hand side represents the interaction of the spin waves;
[Ax(), Hi] = =T Z 3 31 ; Wi,1, Where W, , is defined by

Winz= Dp8 2k 2(BIBria 1Ay — 6, 2{BI B A) + (D 132 11,2

+ D1+z-k,k.1,z)(A1+l_kA1Az - 6k,2(A{A1)Ak ~ 8, 1{ATAYAY).
In order to take in account the interaction in the Green function method, we
make equations of motion of ({B] By, rA; — 6 ,(B]B)A(2), AL(¢))) and
{Al 214z — (‘5.&,1(‘4;‘42) t+ 5&,2(*‘1{*4 — 1)) A, (1), AL(1))), and use a cutoff

approximation in their equations of motion. In the first-order approximation they can
be expressed in terms of the Green function ((A,(¢), AL(2"))):

1 LB,
—Fi(d/dt) +w) —wy — Wy
(A1), ALUMN(AL -k A1 Ag = (8¢ (AL A)

+ 8, 2 (Al A1) Ai(2), AL(E)))

- - s (A, AL
= T NHA/d0) = o =y + oy (O A

(Bl Biia-x Az = 62 BI Bi) A (1), AL(Y))) =

where L{¥ , and L$  , are defined by

LB = JZDMN sk x(ny + rinppang + rimy = npmygg) (AL6)

L2 = JZ[n1a (14 1) + nyngga g — 7inp)(Dy g 1g2- k0 + Danisz-ik
+ Dl,z,k,1+z-k + Dy kts2-1)- (AL7)

As a result, we obtain [A,(2), H,] = X, A,(%), where X is defined by

x (lg) _Jz ( LYo Dyrsa-kan LB 2Dy 1 142-8.2 )
\ a1 Nt 3 (ddt) —w) —wy +wig @/ twy—wy—wiy 1/

(AL8)
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Substitution of [A4,{t), H,] = X, A, (1) into (A1.6) leads to the Green function that
includes the spin-wave interaction effect:

1oy — 1 '
((Ak(t)a Ak(t })) - i(d/d't) —wy — Xk(w)é(i -1 ) (Al'g)

In Fourier-transformed form it is

(A ADNw) = 1w — w), = Xy (w)). (A1.10)

Appendix 2. 2D spin-correlation functions

Simifar to the Takahashi method, we shall make use of Dyson’s transformation and
Wick’s theorem in the derivation of spin-correlation functions. Define n = ¥, ;.
After using Wick’s theorem the spin-correlation function {S,, - S,,.) is derived:

(sm * Sm') =5 3((“Inﬂm) + (O‘In‘am‘) - (aI:ma'm‘) - (ain‘am) - 6m,m‘)
+ (aInam)(aIn"am‘) + (aI'rlam")(aLl'am)
- (alnam>(a'1nam') - (aln’a’m‘)(aln’am)' (A21)

Noticing that {a} a, .} = (a! ,a,) and {(a! a ) = n, we derive
(Sm " S‘m’) = ‘56m,m' + [(S - T}) + (aln am’)lz (A2'2)

where s — 7 is the average sublattice spin at the zero temperature. In the same way,
noticing {a,,b,) = {al,al}, we derive

{8 8a) = =[(s = n) — (anb,)]". ’ (A2.3)
In (A2.2) we have (S, - S,.) = s(s+1), as it should be. When the temperature T' is

equivalent to zero, the correlation functions have the following asymptotic behaviour
for very large

(ada,y =1/V2rr  (agh,) = -1/V2rr (A24)

(8,+5,) = €™ [s—n) + 1/V2rr]%. - (A25)
u" should be small when the temperature T is low. Suppose that

BJZs(1-C)>» 1 BIZs(1-Ch/(1+p")?-1k1. . (A26)

Keeping the relation {S% = 0 in mind, we derive

1 14 w1 1 1
splal (_+ o ) (A2.7)
i N;\/(1+u”)2—r’é 27 e 1

1 "o 1
O = %Z[”%*“‘“LL“L(%*“EEETT)]' (A2.8)
E /(1+”n)2_ri
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On the conditions in (AZ2.6), the k summations in (A2 7) and (A2.8) are dominated .
by contributions of the domain k ~ 0. Noticing r;, = 1(cosk, +cosk,) = 1 - k?/2

rJ(1+ ") — 12 o~ 20" + K2 /2, we derive

_ 2(1 447 1
8= 08 = =g s (A2.9)

2 A 2 1z
C—Cy= “_Dsfme,_l(t ~1ad) .

,rleB [4<(3) exP( lf;‘f,) (1+ﬁ1—“27))} | (A2.10)

where D = 8JZs(1-C) and ¢, = D/2u”. In the present 2D case, Cy = —0.078/s
and 65, = 0.197. Equations (A2.8) and {A2.9) constitute a set of non-linear
equations. They are solved approximately by

'Il

C=Cy+aT? - o T 4 o T?) {A2.11)

1-C,
-1
Vi = exp(—p/T) (f—" +o()) (A2.12)

where o = 4¢(3)/nJ3Z3s%(1 - Cp) and p = wJ Zssy(1 — Cp)/2. When r tends to
infinity, the correlation function {ale,} has the asymptotic behaviour

2yé/m

(afa,) = WCXP( r[2£). (A2.13)

Substituting this asymptotic correlation function into (A2.2) and (A2.3), we obtain
our spin-correlation function for large r:

. 41?
(Sa" 8, = eXplinT) s £ exp(~r/€) (A2.14)

where the spin-correlation length is given by

“where p is defined by p = 1J Zss,(1~ Cy)/2.
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